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1) Prove that the following are equivalent in a normed linear space X. 

i. Every closed and bounded subset of X is compact. 

ii. The closed unit ball in X is compact. 

iii. X is finite dimensional. 

 

2) Let X be a normed linear  spaces over K, E be a non empty convex open subset of X  

and Y be a sub space of X such that 
 
E Y  = .Prove that there is a closed hyper 

space Z of X such that Y Z  and E Z  = .Consequently there is some . 
'f X

such that ( ) 0f x = for all  
x Y but  

( )Re 0f x  for all x in E. 

3)  a) Prove that a normed space is Banach iff every absolutely summable series in it is 

summable 

         b) Prove that a Banach space cannot have a denumerable basis. 

4) a )State and prove uniform boundedness principle. 

b) Let X  be a Banach  space and Y be a normed space ,
 

( , )nF BL X Y such that ( )( )nF x  

converges in Y for every x in X 

  Define .
 ( ) ( )n nF x Lim F x→= for each x in X. 

Prove that if E is totally bounded in X, the convergence above is uniform. 

5)  State Riesz representation theorem. 

6) Let  nx  be a sequence in a Hilbert space H. Then prove the following. 

a)
 

nx x→
iff 

 

w

nx x⎯⎯→
 and 

 n nLimSup x x→  . 

b) If
 
 nx  is bounded, then it has a weak convergent subsequence. 

7)   Prove that a subset of a Hilbert space is weak bounded iff it is bonded.  

 

 


