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1. If Lis afinite extension of F and if K is a subfield of L which contains F, then prove that
[K:F]|[L:F].

2. Ifp(x) is a polynomial in F[x] of degree n > 1 and is irreducible over F, then prove that
there is an extension E of F, such that [E : F] = n, in which p(x) has a root.

3. Prove that K is a normal extension of F iff K is the splitting field of some polynomial
over F.

4. State and prove fundamental theorem of Galois theory.

5. Let V be an n — dimensional vector space over the field F, and let W be an m —
dimensional vector space over F. Then prove that the space L(V, W) is finite dimensional
and has dimension mn.

6. Let T be a linear operator on a finite dimensional space V. Let ci,..., ck be the distinct
characteristic values of T and let Wi be the null space of (T — cil). Prove that the
following are equivalent:

Q) T is diagonalizable.
(i)  The characteristic polynomial for T is f = (x — c1)™ ... (x — cx)® and
dimWi=d,i=1, ...,k
@iii)  dimW+...+dim Wx=dim V.,
7. State and prove Primary Decomposition theorem.



