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1. State and prove Euclidean algorithm and hence find the 𝑔𝑐𝑑 𝑔 of 2689 and 4001. Also 

find the integers 𝑥 and 𝑦 such that 𝑔 = 2689𝑥 + 4001𝑦.  
 

2. (i) State and prove Wilson’s theorem. 

 (ii) Let 𝑝 denote a prime. Then prove that 𝑥2 ≡ −1(𝑚𝑜𝑑 𝑝) has solutions if and only if      

  𝑝 = 2 or  𝑝 ≡ 1(𝑚𝑜𝑑 4). 

 

3. (i) State and prove Chinese Remainder Theorem. 

(ii) Find the least positive integer 𝑥 such that 𝑥 ≡ 5(𝑚𝑜𝑑 7), 𝑥 ≡ 7(𝑚𝑜𝑑 11),  and     

      𝑥 ≡ 3(𝑚𝑜𝑑 13). 

 

4. (i) Let 𝑓(𝑥) 𝑏𝑒 a fixed polynomial with integral coefficients, and for any positive integer 

𝑚 let 𝑁(𝑚) denote the number of solutions of the congruence 𝑓(𝑥) ≡ 0 (𝑚𝑜𝑑 𝑚).  Prove 

that if 𝑚 = 𝑚1𝑚2 where (𝑚1, 𝑚2) = 1, then 𝑁(𝑚) = 𝑁(𝑚1)𝑁(𝑚2).  

(ii) Find all roots of 𝑓(𝑥) ≡ 0 (𝑚𝑜𝑑 189), given that 189 = 33. 7, that the roots (mod 

27) are 4, 13, and 22, and that the roots (mod 7) are 0 and 6. 

 

5. Let 𝑝 be an odd prime. Then prove the following: 

(i) (
𝑎

𝑝
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(ii) (
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𝑝
) (
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) = (
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(iii)  𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑝) implies that (
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(iv)  If (𝑎, 𝑝) = 1 then (
𝑎2

𝑝
) = 1, (
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6. (i) Prove that if 𝑝, 𝑞 are distinct odd primes, then (
𝑝

𝑞
) (

𝑞

𝑝
) = (−1){(𝑝−1)/2}{(𝑞−1)/2} 

(ii) Is the congruence 𝑥2 ≡ −42 (𝑚𝑜𝑑 61) solvable? 

 

7. If 𝑓(𝑛) = ∑ µ(𝑑)𝑑|𝑛 𝐹(𝑛 𝑑⁄ ) for every positive integer 𝑛, then prove that                                                                              

𝐹(𝑛) = ∑ 𝑓(𝑑).𝑑|𝑛  


